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In slow roll inflation, the running of the spectral tilt is generically proportional to the square of
the deviation from scale invariance, αs ∝ (ns − 1)2, and it is therefore currently undetectable. We
present a mechanism able to generate a much larger running within slow roll. The mechanism is
based on a curvaton field with a large mass term, and a time evolving normalization. This may
happen for instance to the angular direction of a complex field in presence of an evolving radial
direction. At the price of a single tuning between the mass term and the rate of change of the
normalization, the curvaton can be made effectively light at the CMB scales, giving a spectral
tilt in agreement with observations. The lightness is not preserved at later times, resulting in a
detectable running of the spectral tilt. This mechanism shows that fields with a large mass term do
not necessarily decouple from the inflationary physics, and provides a new tool for model building
in inflation.
I. INTRODUCTION
Observations strongly suggest indicate that the spec-
trum of primordial curvature fluctuations has an almost
scale invariant, nearly Gaussian distribution. The sim-
plest set-up that explains these features is single-field,
slow-roll inflation with canonical kinetic terms. In this
scenario, a light scalar field slowly rolling on a potential
induces a phase of cosmological acceleration (see [1] for
a review). While the simplest inflationary set-ups based
on a single field provide a good fit to observations, well
motivated extensions of the minimal models exist, for ex-
ample including additional scalar fields that participate
to the inflationary dynamics as in multiple field infla-
tion [2], or scalars that acquire a non-trivial, interesting
dynamics only after inflation ends, as in the curvaton
mechanism [3–6].
The power spectrum P of the primordial perturbations
that caused the observed CMB anisotropies is nearly
scale invariant. Using the Taylor expansion
P (k) ≡ P (k0)
(
k
k0
)ns−1+ 12αs ln kk0
(1)
around the pivot scale k0 = 0.05Mpc
−1, the Planck mis-
sion, supplemented with the 9-year WMAP polarization
data (WP), obtained [7]
ns − 1 = −0.0397± 0.009 ,
αs = −0.013± 0.009 , (68%CL,Planck + WP) , (2)
The parameter αs is conventionally called the running of
the spectral tilt [8], since αs (k) =
dns(k)
dlnk .
Consider a conventional curvaton mechanisms, in
which the isocurvature fluctuations of a test field dur-
ing inflation (namely, a field which gives a negligible con-
tribution to the expansion) are converted into curvature
pertubations after inflation ends. A scalar massless field
in de Sitter spacetime has a scale invariant power spec-
trum. This is not the case for a field of mass m in an
inflationary background, where the Hubble rate H varies
according to the slow roll relation  = − H˙H2  1. 1
Specifically, the perturbations of a scalar field σ with
canonical kinetic term obey the equation
(a δσ)
′′
+
[
k2 − 2
τ2
+
m2eff
H2τ2
]
(a δσ) = 0 (3)
1 Following the standard convention, we denote by a dot (prime)
a derivative with respect to physical (conformal) time.
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2with
m2eff ≡ m2 + 
[
−3H2 + 2m2
(
1 + ln
1
−Hτ
)]
+ O
(
2
)
,
(4)
leading to a spectral tilt ns− 1 = O
(
m2eff
H2
)
= O
(
m2
H2 , 
)
.
Therefore, in generic curvaton models, the fact that
the observed cosmological perturbations are nearly scale
invariant indicates that the inflationary expansion was
close to de Sitter,   1, and that the field was light,
m2  H2. The effective mass of the perturbations varies
because of the last term in the square parenthesis of (4),
and because of the O
(
2
)
terms, giving rise to running of
the spectral tilt. Eq. (4) shows that in generic curvaton
models this variation is at most of O
(
m
2
H2 , 
2
)
, namely
|αs| <∼ O
(
(ns − 1)2
)
= O
(
10−3
)
. (5)
An analogous conclusion is reached in models of single
field inflation. In this case,
ns−1 = 2ηV −6V , αs = −2ξ2V +8V (ns − 1)+242V ,
(6)
where we introduce the slow roll parameters
V ≡
M2p
2
(
V,φ
V
)2
, ηV ≡M2p
V,φφ
V
, ξ2V ≡M4p
V,φV,φφφ
V 2
.
(7)
(we denote with a comma the derivative of a function
with respect to its argument). In generic models, the
third slow roll parameter is small, and again the predic-
tion (5) is obtained [9].
Some past observational results have been in slight ten-
sion with this estimate. For instance, the first WMAP
release gave [10] αs = −0.031+0.016−0.018, and, more recently,
the SPT high-` CMB data gave [11] αs = −0.024±0.011
(SPT + WMAP7) and αs = −0.028 ± 0.010 (using also
BAO and H0 measurements). Although in agreement
with the αs = O
(
(ns − 1)2
)
prediction, the Planck re-
sult (2) is not conclusive on this regard, since it is also sta-
tistically compatible with the SPT measurement. There-
fore, if future measurements will again provide an indi-
cation for αs = O (−0.01) and statistically incompatible
with zero, they will pose a serious challenge on standard
inflationary models. See [12] for a comprehensive analysis
of how future large scale structure or 21 cm observations
can lower current bounds on αs to the region |αs| ≤ 10−3,
in absence of detection. In single field inflation, without
the third derivative term ξ2V , the observed spectral tilt
ns − 1 ' −0.04 is incompatible with αs <∼ −0.01. Be-
sides being hard to motivate, it is difficult to preserve a
large third derivative, while keeping the first two small,
for a sufficiently long duration of inflation [9, 13], so that
the models that achieve a large running have potentials
with some bump-like feature or superimposed oscillations
[9, 14–17], or possess some peculiar aspects beyond stan-
dard scenarios [18–22].
In curvaton models, the above estimate αs = O
(
m
2
H2
)
could be compatible with a running of first order in slow
roll if m was of order H. However, as commented after
eq. (4), this would lead to an unacceptable value for
ns. In this work we show that m ≥ H is possible if the
curvaton Lagrangian has a non-standard normalization.
Specifically, let us consider the case in which the curvaton
has a time-dependent normalization that we encode in an
overall function that multiplies the curvaton Lagrangian:
N 2 (t)Lcurv, and that a mass term m2σ2 is present 2 in
Lcurv. This model can lead to a scale invariant spectrum
for any value ofm (hence even form H), provided that
N (t) has a suitable time evolution. Once we canonically
normalize the curvaton field, a new term, related to the
rate of change of the normalization, N˙N , appears in the
dispersion relation of the curvaton perturbations, and the
total m2eff can be tuned to a sufficiently small value by
canceling this new term against those appearing in (4).
In the specific model that we will consider, N˙N ∝ H, and
this quantity varies at first order in slow roll. On the
other hand, the mass term m in the curvaton Lagrangian
is a constant. Therefore, the tuning that sets meff to the
value required by ns−1 ' 0.04 cannot work at all scales.
This naturally introduces a running of the spectral tilt
which is of the first order in slow roll, and which therefore
can be much larger than the prediction (5).
Rather than introducing an unspecified external func-
tion of time, we can assume that N is actually a function
of the inflaton, given that the latter acts as a clock dur-
ing inflation. This introduces a direct coupling between
the inflaton and the curvaton perturbations. We study
the conditions for which the effect of such couplings is
suppressed, so that only the inflaton zero mode dynam-
ics affects the perturbations of the curvaton through the
time evolution of N .
From a theoretical perspective, our system shows that
fields with a very large mass term do not necessarily de-
couple during inflation, and can play an active and dis-
tinctive role for the generation of an almost scale invari-
ant spectrum of curvature fluctuations, if they are ap-
propriately coupled to other degrees of freedom (as those
controlling the time dependent normalization N in our
example).
2 With ‘mass term’ of a field we refer to the second derivative
of the potential for canonically normalized fields computed on
a static background. Note that this definition, including the re-
quirement of a static background, is consistent with the standard
meaning of mass. One could alternatively denote the mass from
the dispersion relation of the canonically normalized variable in
the k → 0 limit. If we did so, we would conclude from eq. (3)
that a field with m = 0 and N = 1 has the tachyonic mass
∼ −2H2 on a (quasi)-de Sitter, non static, background. A field
with m = 0 and N = 1 is typically denoted as massless, and
our choice of denoting as mass term the second derivative of the
potential in a static background is consistent with this.
3This model also helps reformulating the naturalness
problem in inflation. While it is usually assumed that a
necessary condition for the generation of a scale-invariant
power spectrum during inflation is the presence of a
scalar field with a small mass term, in the present sce-
nario it is possible to obtain scale invariance even for a
curved potential by appropriately tuning the coupling of
the inflaton to the curvaton. Therefore the fine-tuning of
the curvaton mass term to zero generalizes to a relation
– given by eq. (12) below – involving the mass term of
the curvaton and the coupling, measured by α, to the
inflaton. Note that this implies that we are not solv-
ing the so-called η-problem, as we are not aware of any
symmetry that can enforce the relation (12), but we are
formulating it in a more general way.
Constructions of the form considered in this paper,
where the Lagrangian of the curvaton is multiplied by a
function of the inflaton, appear quite naturally in models
where the inflaton is the radial part and the curvaton is
the angular part of a complex field. We show this with
an explicit example, featuring a model of broken U(1)
symmetry3. Moreover, by a suitable change of frame, we
show that our mechanism can be re-expressed in terms
of a scalar field with time dependent mass and sound
speed, embedded in an appropriately chosen Friedmann-
Robertson-Walker background.
Various recent works have studied interesting scenar-
ios in which massive fields play a role to characterize
the features of primordial fluctuations produced during
inflation. For example, in the gelaton scenario [24], a
very massive scalar field is tightly coupled to the infla-
ton in such a way to reduce the inflaton effective sound
speed and produce large non-Gaussianities of equilateral
form in the inflaton sector. In quasi-single field infla-
tionary models (see e.g. [25, 26]), the interplay between
the dynamics of inflaton and isocurvatons with Hubble
mass can again lead to large non-Gaussian signatures in
the inflaton fluctuations. In reference [27] it was shown
that heavy fields can adjust their value as a response to
the inflaton expectation value, effectively changing the
shape of the inflaton potential. Our point of view is dif-
ferent, since we focus on the dynamics of the fluctuations
of the isocurvature scalar field and their properties. In
our scenario, the suitable time-dependent normalization
renders the isocurvature field effectively massless during
inflation (although it would have a large mass in a static
background). As common in curvaton scenarios, we make
the hypothesis that inflaton fluctuations have negligible
amplitude and do not take part to the final curvature per-
turbations: hence, we will not be interested on possible
non-Gaussian effects generated in the inflaton sector.
3 Also in the proposal of [23] the curvaton is the angular field of
a U(1) symmetric model, and its perturbations are controlled
by the evolution of the radial direction. In the model of [23],
however, the U(1) symmetry is unbroken, and therefore the cur-
vaton is massless, during the epoch in which perturbations are
generated.
The paper is organized as follows. In Section II we
show how a massive field σ with a mass term m > H
can obtain an almost scale invariant power spectrum if
its normalization N (t) exhibits a suitable time evolution.
In Section III we present a simple model in which N (t) is
obtained through a coupling between σ and the inflaton
field φ. This concrete model allow us to set some bounds
on the mechanism, by requiring that the coupling (i) does
not significantly affect the background inflaton evolution,
(ii) does not modify the power spectrum of the primor-
dial perturbations besides the effect related to N (t), and
(iii) does not result in a too large non-Gaussianity. In
Section IV we compute the running of the spectral tilt
from this mechanism, showing that it can acquire a size
much larger than in standard inflationary set-ups. In
Section V we present the example of a possible realiza-
tion of this mechanism in an inflationary set-up, and in
Section VI we discuss how our system is equivalent to
that of a field in a Universe with an arbitrary expansion
law, provided it has an appropriate time evolution of its
mass and its speed of sound. In Section VII we present
our Conclusions.
II. A FIELD WITH A LARGE MASS TERM
BUT SCALE INVARIANT FLUCTUATIONS
Let us consider a real scalar field σ with a mass term
m ≥ H, where H is the Hubble rate during inflation 4.
For the sake of explaining our arguments in the simplest
possible terms, we take H as constant in the computa-
tions of this Section, assuming that the slow roll param-
eter  ≡ −H˙/H2 is negligible. The impact of a sizable 
on this mechanism will be studied in Section IV.
The action for σ is
Sσ =
∫
d4x
√−g N 2 (t)
(
−1
2
gµν∂µσ∂νσ − m
2
2
σ2
)
,
(8)
where the only difference from a theory of a free massive
field is in the assumption that the Lagrangian of σ is
multiplied by a time-dependent function N .
First of all, we show that a suitable time dependence
of N results in a scale invariant spectrum for the pertur-
bations of σ. Specifically, we assume that N scales as a
power law of the scale factor a for at least the last ' 60
e-folds of inflation:
N =
{
aα , a ≤ 1
1 , a ≥ 1 , (9)
(with constant α) where the scale factor has been normal-
ized such that a = 1 at the end of inflation. It is natural
4 Our results are valid also if the mass term m is smaller than
the Hubble rate H during inflation. However, taking m  H
reproduces the standard case of a light field with very nearly
constant normalization, and therefore we target the discussion
to the m ≥ H case.
4to try to ascribe the time dependence of (9) to the evolu-
tion of the inflaton, and we will do so in Section III. For
the computations of this Section we can simply consider
N as an external function of time.
We use conformal time τ , defined from the line element
ds2 = a2 (τ)
[−dτ2 + d~x2], and we decompose
σ(τ, ~x) ≡ χ(τ, ~x)
aN ≡
χ(0) (τ) + δχ (τ, ~x)
aN . (10)
During inflation, the Fourier transform of the perturba-
tions of χ obeys the equation 5
δχ′′k +
[
k2 +
m2/H2 − (α+ 1) (α+ 2)
τ2
]
δχk = 0 , (11)
where we have used the fact that a = −1/(Hτ), if the
variation of H is negligible. See Section IV for the ex-
tension of this computation at first order in slow roll.
The field χ is canonically normalized in (8): imposing
that the mode field σ is in the adiabatic vacuum during
the sub-horizon regime results in the early time solution
δχin ' e−ikτ/
√
2k. It is then straightforward to see that
the perturbations of σ are scale-invariant in the super-
horizon regime provided that
m2 = α (α+ 3)H2 ⇒ α = 3
2
(
−1±
√
1 +
4m2
9H2
)
.
(12)
Namely, a scale invariant spectrum can be obtained for an
arbitrarily large mass, provided that the normalizationN
varies sufficiently fast; we find two branches of solutions,
labeled with ± in eq. (12). In a sense, an appropriate
choice of N renders the field effectively massless. When
eq. (12) holds, during inflation the mode functions of δχ
have the same solution as those of a massless scalar field
with constant normalization
δχk =
e−ikτ√
2k
(
i+
1
kτ
)
. (13)
If the field σ is responsible for the cosmological per-
turbations, its power cannot be precisely scale invariant,
but it needs to agree with (2). The condition (12) needs
therefore to be replaced by
α =
3
2
(
−1±
√
1 +
4m2
9H2
)
∓ ns − 1
2
√
1 + 4m
2
9H2
+O (ns − 1)2 .
(14)
As we will discuss in Section IV, it is straightforward
to extend this relation to the case of a slowly varying
H, following the standard computations done for α = 0
5 Notation: For any quantum field X in real space, we denote by
Xˆk its Fourier transform, and by Xk the mode functions of the
Fourier transform, see also eqs. (13) and (18).
(see for instance [28]). We will learn that this leads to
an interesting footprint for our scenario, namely a large
running of the spectral tilt.
Equation (14) shows the change in the spectral tilt
resulting from a change in α, and therefore indicates the
width of the allowed interval for α compatible with the
experimentally allowed range ∆ns. For large field mass
we obtain ∣∣∣∣∆αα
∣∣∣∣ ' 3H24m2 ∆ns , m H . (15)
This equation quantifies the fine-tuning in the mecha-
nism, namely the accuracy to which α needs to be set to
a given value to be compatible with data at a given scale.
We see that the degree of fine tuning increases as m in-
creases. The problem of preserving this tuning against
radiative corrections is the manifestation in our mecha-
nism of the so called η problem of inflationary cosmology.
In the remainder of this Section, to keep the algebra
simple, we restrict our discussion to the scale invariant
case (12), but all our results can be straightforwardly
extended to the case (14).
During inflation, the background field χ(0) obeys an
equation identical to (11) with k = 0. This results into
χ(0) (τ) = C a (τ) , (16)
where C in an integration constant, and where we have
disregarded the rapidly decaying solution χ(0) ∝ a−2.
For definiteness, we assume C > 0. In principle, the
value for C could be determined only with the knowl-
edge of the history of the universe before the final 60
e-folds of inflation. We do not commit ourselves to any
specific scenario for this previous stage, but we rather
study under which conditions on C our mechanism can
work.
The energy density associated with (16) is
ρ(0) = −T 00 |background =
α (2α+ 3)
2
C2H2 , (17)
where T νµ is the energy-momentum tensor associated
with (8). Namely, the specific evolution of N that pro-
vides a scale invariant spectrum of δχ also results in a
constant background energy density for χ. By keeping C
sufficiently small, we can impose that ρ(0)  3H2M2p , so
that this energy density is negligible during inflation.
We have also to make sure that the energy in the per-
turbations does not exceed the energy in the background.
To do so, we expand −T 00 to second order, dubbing the
result as ρ(2), and we quantize δχ according to
δχ =
∫
d3k
(2pi)
3/2
ei~x·~k δχˆk , δχˆk = δχk (τ) aˆ~k+δχ
∗
k (τ) aˆ
†
−~k ,
(18)
where the mode functions in the last expression are given
by (13), and where the operators satisfy the algebra[
aˆ~k, aˆ
†
~p
]
= δ(3)
(
~k − ~p
)
. We then obtain the theoretical
5expectation value
d 〈ρ(2)〉
d lnk
= piα (2α+ 3) H4 , | − kτ |  1 . (19)
The theoretical expectation value for the energy den-
sity is obtained by integrating this quantity over the
modes that have left the horizon during inflation and
have become classical. The integral is simple, as
(19) is k−independent, and we simply obtain 〈ρ(2)〉 =
piα (2α+ 3)H4Ne, where Ne is the number of e-folds of
inflation. This quantity is typically much smaller than
the inflaton energy density 3H2M2p .
The observable we eventually care about is the curva-
ture perturbation after inflation, under the assumption
that σ is the curvaton field responsible for it. It is conven-
tional to compute the quantity ζ, which represents the
curvature perturbation on uniform density hypersurfaces
ζ. In spatially flat gauge (δgij,scalar=0, where g is the
metric), each species i induces the curvature perturba-
tion ζi = −H δρi/ρ˙(0)i . The total curvature perturbation
after inflation is then given by
ζ = f ζσ + (1− f) ζrad , f ≡ 3ρ
(0)
σ
3ρ
(0)
σ + 4ρ
(0)
rad
, (20)
where ‘rad’ denotes the contribution from the thermal
bath formed when the inflaton decays, which we are as-
suming to take place well before the decay of the curvaton
σ. Eq. (20) is actually valid after the decay of the infla-
ton and before that of σ. The ratio f is typically very
small at the end of inflation, but it then becomes of or-
der one provided the field σ is sufficiently long-lived. The
perturbations in σ are given by
ζσ
∣∣∣
+
= −Hδρσ
ρ˙
(0)
σ
∣∣∣
+
=
δρσ
3ρ
(0)
σ
∣∣∣
+
=
δρσ
3ρ
(0)
σ
∣∣∣
−
, (21)
where the suffix − (+) indicates that the quantity is eval-
uated on super-horizon scales during (after) inflation. We
note that the ratio is constant both during and after infla-
tion. After inflation, σ is a standard massive scalar field,
and both ρ
(0)
σ , δρσ ∝ a−3. 6 During inflation instead both
these quantities are constant. The final equality in (21)
is due to the fact that the detailed physics responsible for
the transition in N does not affect the perturbation at
super-horizon scales. It is therefore convenient to evalu-
ate ζσ on super-horizon scales during inflation.
Given that the energy of a massive field is ρσ = m
2σ2,
the O (δσ2) contribution to the energy density induces a
non-Gaussianity in ζ, even if δσ is by itself a Gaussian
field. This non-Gaussianity is of the local shape, with
the nonlinear parameter [29]:
fNL =
5
4 r
(σ is Gaussian , ζφ is negligible) (22)
6 Notice that, being very massive, the curvaton starts to oscillate
around the minimum of its potential soon after inflation ends.
where r is the value of the ratio f evaluated at the curva-
ton decay. The Planck limit on local non-Gaussianity [30]
translates into r >∼ 0.087 at 95%C.L.. The contribu-
tion (22) adds up to that induced by the ‘intrinsic’ non-
Gaussianity of the field σ. In Section III we will quantify
this second contribution.
Expanding −T 00 to first order, and using (10), (16),
and (21), we obtain (disregarding slow roll corrections)
ζσ = −2Hτ [2 (α+ 2) δχ+ τδχ
′]
3 (2α+ 3)C
' 2
3
δχ
χ(0)
, (23)
where in the last expression we have used the super-
horizon limit of eq. (13).
From this relation, we obtain the power spectrum for
ζσ at super-horizon scales
Pζσ =
k3
2pi2
|ζσk|2 = H
2
9pi2C2
, (24)
which is indeed constant. We assume that σ generates
the observed primordial perturbation, namely that r ζσ >
(1− r) ζrad (cf. eq. (20)). We recall that ζrad is the
perturbation in the thermal bath formed at the decay of
the inflaton field φ. Therefore, we can identify it with ζφ,
and assume the standard slow roll result for the latter.
We therefore require that
γ ≡
√
Pζφ
Pζσ
=
3C
2
√
2 Mp
 r
1− r = O (1) , (25)
(where we have assumed that both r and 1 − r are of
order one). If this is the case, then ζ ' r ζσ, and we can
identify (24) with the observed power spectrum, which
is subject to the COBE normalization Pζ '
(
5 · 10−5)2.
This gives
H r
C
' 3pi
2
× 10−4 , COBE . (26)
In concluding this Section, it is worth noting that
despite the fact that N (t) changes by many orders of
magnitude during inflation, all physical quantities like
(17), (19), and (24) are (nearly) constant during infla-
tion. This has been achieved ‘by construction’, as the
time dependence of N (t) balances against the effect of
the heavy mass m > H. Nonetheless it is remarkable
that no pathologies arise in (8) and that the theory re-
mains under perturbative control. We note that, for any
given value of m, the required condition (12) is solved by
both positive and negative α. Positive α correspond to
N  1 during inflation, while negative α correspond to
N  1 during inflation. As long as the action for σ coin-
cides with (8), both possibilities are acceptable. However,
if the action contains some higher order σ−dependent
terms that are not multiplied by appropriate powers of
N , then if N  1 these terms would lead to unaccept-
ably strong couplings during inflation. This is a standard
strong coupling problem, which would, at the very least,
6drive the theory out of perturbative control. If this is
the case, we restrict our attention to the α < 0 case, for
which such additional terms are negligible during infla-
tion.
III. REPLACING N (t) WITH N (φ)
In the previous Section we have treatedN as a classical
external function. In any sensible model, the value of N
needs to be related to the expectation value of a quantum
field φ. To keep the model minimal, we assume that the
field φ is the inflaton. This allows us to obtain some
model specific constraints on our mechanism. The action
(8) is therefore extended to
S =
∫
d4x
√−g
{
− 1
2
(∂φ)
2 − V (φ)
+N 2 (φ)
[
−1
2
(∂σ)
2 − m
2
2
σ2
]}
. (27)
The functional form of N can be related to that of the
inflaton potential by reverse-engeneering [31, 32]:
N (φ) = N0 exp
[
−
∫ φ α dφ′√
2V (φ′)Mp
]
⇒ 〈N〉 ∝ aα ,
(28)
To verify the scaling, let us differentiate (28) with respect
to time. We obtain the exact relation
〈N˙ 〉 = − α√
2VMp
〈N〉φ˙ . (29)
We can then make use of the slow roll relation 7
φ˙ = −√2VHMp
[
1− 2
3
V +
1
3
ηV + O
(
2
)]
, (30)
and obtain (for simplicity, we focus on the case of con-
stant α)
〈N˙ 〉 = α〈N〉H
[
1− 2
3
V +
1
3
ηV + O
(
2
)]
,
〈N¨ 〉 = α2〈N〉H2
[
1− 4α+ 3
3α
V +
2
3
ηV + O
(
2
)]
.
(31)
We give these relations at first nontrivial order in slow
roll, as this will be needed for the computations of Section
IV. For the present considerations, we immediately see
that the leading term in 〈N˙ 〉 gives the required scaling
〈N〉 ∝ aα.
7 Notation: we write O (n) to indicate that a quantity is of n−th
order in any of the slow roll parameters.
Let us now move to discuss some physical consequences
of the couplings between inflaton and curvaton. At the
background level, the 00 Einstein equation and the infla-
ton equation of motion in the model read, respectively,
H2 − 1
3M2p
(
φ˙2
2
+ V
)
=
N 2
6M2p
(
σ˙2 +m2σ2
)
,
φ¨+ 3Hφ˙+ V,φ = N N,φ
(
σ˙2 −m2σ2) . (32)
In the computations of the previous Section we have as-
sumed that the curvaton contribution to the background
evolution is negligible. This corresponds to imposing that
the right hand side (RHS) of these equations is negligible.
We impose that the RHS is much smaller than the domi-
nant contributions on the left hand side (specifically, H2
in the first equation, and 3Hφ˙ in the second one). Using
eqs. (10), (12), (16), and (28), we obtain, respectively,
α (2α+ 3)C2
6M2p
 1 , α
2C2
2M2p 
 1 . (33)
The first condition corresponds to imposing that the en-
ergy density of σ is much smaller than that of the inflaton
during inflation, and we have already commented on this
after eq. (17). The second condition instead arises from
the specific mechanism that we are now considering, and
it amounts in requiring that the motion of the inflaton
is not modified by its coupling to σ. As   1, this
second condition dominates over the first one. Loosely
speaking, this indicates that it is easier for the coupling
to modify the dynamics of the inflaton than that of the
scale factor, since the former is slow roll suppressed with
respect to the timescale H of the latter (in other words,
the flatter the inflaton potential is, the more one should
be concerned that the couplings of the inflaton to other
fields affect the inflaton motion). Interestingly, we can
rewrite this condition as (recall the definition of γ in eq.
(25))
γ  3
2α
, (34)
which is more stringent than (25) for α 1.
Let us now study the perturbations in the model. In
the previous Section, N was treated as an external func-
tion of time, and it only affected the curvature pertur-
bations through the linearized equation (11). Since N is
now function of the inflaton, the perturbations δφ must
also be taken into account. We keep the same working
hypothesis that we had in the previous Section, namely
we impose that the observed curvature perturbation is
only due to that of the curvaton, ζ ' r ζσ. However,
the inflaton perturbation δφ modifies the final value of
ζσ through its coupling with δσ that is encoded in (27).
The interactions are readily obtained by expanding
N (φ(0) + δφ) in the action (27). The dominant correc-
tions to σ2 and σ3 are given by the diagrams shown in
Figure 1. Notice in particular the interaction correspond-
ing to a mass insertion, that plays an important role in
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FIG. 1. Diagrams for the dominant modifications of 〈σ2〉 and
〈σ3〉 due to the interaction with the inflaton φ. The external
solid lines refer to the curvaton σ, while the dashed lines refer
to φ. The crosses denote the φ−σ mass insertion, proportional
to the curvaton vev C.
computing correlation functions. We perform the full
calculation in Appendix A. We obtain
〈
ζˆσ~k1 ζˆσ~k2
〉
' 2H
2
9C2
[
1− 32α
4γ2NCMB
27
] δ(3) (~k1 + ~k2)
k31
,〈
ζˆσ~k1 ζˆσ~k2 ζˆσ~k3
〉
' − H
4α4NCMB
12
√
2pi3/22M4pγ
2
×
∑
i k
3
i∏
i k
3
i
δ(3)
(
~k1 + ~k2 + ~k3
)
,
(35)
where the first term in the two-point function is the free
field result. In these relations, NCMB is the number of e-
folds before the end of inflation when the external modes
left the horizon. As the NCMB dependence indicates, the
inflaton perturbations continue to source the perturba-
tions of σ all throughout the super-horizon regime. A
growth with NCMB is also obtained in the model studied
in [33], where an analogous interaction is present between
the inflaton and a vector field.
For perturbation theory to be under control, the sec-
ond term in 〈ζ2〉 needs to be subdominant with respect
to the free term. This gives a further condition on γ:
γ 
√
3
2
3
4
1
α2
√
NCMB
, (36)
which is more stringent than (25) and (34). To sum-
marize, the inflaton-curvaton interaction associated with
the mass insertion provides a correction to the two-point
function depending on α (that is, on the ratio m/H, see
eq. (12)) and the total number of e-foldings. In order to
make this correction negligible, we find the bound (36)
on the ratio between inflaton and curvaton contributions
to the curvature power spectrum.
We can now estimate the amount of non-Gaussianity
produced by the inflaton-curvaton interaction, associated
with the second diagram in Fig. (1). At face value, the
bispectrum given in (35) is of the exact local shape. How-
ever, in both expression in (35) we have neglected terms
that have the same parametric dependence as the terms
that we have reported, but that are not enhanced by
a factor NCMB. For brevity, we denote these terms as
‘order one contributions’ in this discussion (as opposed
to the O (NCMB) terms that we have written). In the
three point function of (35) we have disregarded the
difference between NCMB associated to different modes,
as this difference is also an order one factor (namely,
ln
(
1
−k1τ
)
= ln
(
1
−k2τ
)
+O (1)). For this reason, the pre-
cise shape of the bispectrum cannot be obtained within
our approximation. However, whatever the precise shape
is, it is a smooth function of the momenta enhanced in
the squeezed limit as the local template. Therefore, as
a rough indication, we assume that the bispectrum in
(35) is exact – and hence it is of the local shape – and
we compare it with the bounds on local non-Gaussianity
from Planck [30].
It is standard to parametrize the local non-Gaussianity
by the nonlinear parameter fNL, related to the bispec-
trum by〈
ζˆ~k2 ζˆ~k2 ζˆ~k3
〉
≡ 3
10
(2pi)
5/2
fNLP
2
ζ
∑
i k
3
i∏
i k
3
i
δ(3)
(
~k1 + ~k2 + ~k3
)
,
(37)
(the numerical factor in this relation depends on the 2pi
convention in (18). See [34] for the details).
Under the assumption that ζ = r ζσ, we obtain
− fNL ' 20α
4γ2NCMB
9r
 15
8r
, (38)
where the inequality follows from the bound (36). We see
that this contribution is less important than (22). Per-
haps not surprisingly, the ratio between the contribution
to fNL from the inflaton interaction and that of the free
theory (namely, eq. (22)) is parametrically the same as
the ratio between the contribution to the power spectrum
from the inflaton interaction and that of the free theory.
To conclude, in this Section we have presented a more
complete version of the basic mechanism introduced in
Section II, by identifying N with a function of the in-
flaton field. This introduces a direct coupling between
the curvaton and the inflaton. In this Section we have
shown that this interaction does not significantly mod-
ify the two- and three-point correlation function of the
curvaton (and, presumably, also the higher point func-
tions: see Appendix) provided that the condition (36) is
satisfied. If this is the case, the main phenomenological
results (22) and (24) of the previous Section continue to
hold. In Section V we further characterize the mecha-
nism by discussing how such an interaction can arise in
some concrete models.
IV. AN OBSERVABLE RUNNING OF THE
SPECTRAL TILT
The curvaton mode functions satisfy
δχ′′k +
[
k2 + a2H2M2] δχk = 0 ,
M2 = m
2
H2
− 2− H˙
H2
− 3 N˙
HN −
N¨
H2N . (39)
This equation reduces to (11) at leading order in slow
roll, namely for N ∝ aα and H˙ = 0. We recall that the
8solutions of (11) exhibit a constant spectral tilt, see eq.
(14).
We now show that a running of the spectral tilt appears
at first order in slow roll. Specifically, we expand eq. (39)
to first order in slow roll, under the assumptions that the
two slow roll parameters  and η are of comparable size.
We also extend the parametrization of the mass term to
first order in slow roll:
m2 ≡ [α (3 + α) + δm]H2end , (40)
where Hend is the value of the Hubble rate at the end
of inflation, and where δm is a constant that we will set
below to reproduce the observed spectral tilt at the CMB
scales. For simplicity, we consider the parameter α as
constant (see however the discussion at the end of this
section). We note that  = V = constant to leading
order in slow roll.
Using expressions (31), (40), and the background so-
lutions
a2H2 =
1 + 2
τ2
+ O
(
2
)
,
H = Hend
[
1−  ln
(
− 1
Hendτ
)]
+ O
(
2
)
(41)
the equation (39) acquires the form
∂2
∂2x
δχk +
(
1− 2
x2
)
δχk =  F (x) δχk + O
(
2
)
,
F (x) =
F0 − 2α (α+ 3) ln kHx
x2
,
F0 ≡ 3− 3α− 4
3
α2 − δm + α
(
1 +
2α
3
)
ηV

, (42)
where x ≡ −kτ . 8
Notice that eq. (42) at zeroth order in slow roll reduces
to the equation for the modes of a massless field in de Sit-
ter background. This is because the parametrization (40)
has been chosen to satisfy the condition (12) at zeroth
order. We recall that the condition (12) expresses the
fine-tuning necessary for a scale invariant spectrum in de
Sitter background. This relation was replaced by (14),
to allow for a departure from exact scale invariance. In
eq. (40) we have modified this condition by introducing
a O () contribution to the mass term. Below, we obtain
the value of δm that produces a spectral tilt in agree-
ment with observations in the inflationary background.
This is not an additional fine-tuning, since it replaces the
fine-tuning constraint (14).
The function F (x) in (42) encodes the first slow roll
correction to the mode functions. The time dependence
8 Due to the fact that we are working at first order in slow roll,
we can disregard the variation of H in the expression for F0 in
eq. (42), and in the equations below.
of F (x) is only due to the m
2
H2 term in eq. (39). It is
due to the fact that the mass term m is constant, while
H is decreasing. Even if δm in eq. (40) is tuned to re-
produce the observed ns at the CMB scales, the increase
of m
2
H2(t) with time causes the mass term to become pro-
gressively more relevant for the modes at progressively
smaller scales, causing a running of the spectral tilt at
first order in slow roll.
We can see all this from the explicit solution of eq.
(42). We write this solution in the form
δχk (x) ≡ [1 +  β (x)] δχk,dS (x) , (43)
where δχk,dS (x) is the de Sitter solution (13). By intro-
ducting the primitive
Ξ (x) ≡
∫
dx
δχ2k,dS (x)
= ike−2ix
1 + ix
1− ix , (44)
it is easy to verify that the solution is given by
β (x) = −Ξ (x)
∫ ∞
x
dy F (y) δχ2k,dS (y)
+
∫ ∞
x
dy Ξ (y)F (y) δχ2k,dS (y) , (45)
where the integration constants are chosen so that β(x) =
β′(x) = 0 at past infinity. The solution contributes at
O () to the curvaton power spectrum evaluated at the
end of inflation
Pζσ ∝ k3|δχk|2 ∝ 1 + 2 Re
[
β
(
k
H
)]
, (46)
where the proportionality constants are k−independent.
The two integrals in (45) can be straightforwardly com-
puted, but the full expression is lengthy and not partic-
ularly illuminating. We are interested only in the sub-
horizon limit (x → 0+) of this solution, which, once in-
serted into (46), gives
ns − 1 ≡ ∂lnPζσ
∂lnk
=
2
3

{
2α (α+ 3) log
k
H
− F0
+
α (α+ 3)
3
(−14 + 6γE + log 64)
}
, (47)
where γE is the Euler-Mascheroni constant, and
αs ≡ ∂ns
∂lnk
= 4 
(
α+
α2
3
)
=
4 m2
3H2
. (48)
These expressions are accurate at O () (and therefore
we can disregard the time variation of H during inflation
in them). By inserting the expression (42) for F0 into
(47), we see that the mass contribution δm can be chosen
so that the spectral tilt (47) matches the observed result
(2) at the given CMB pivot scale. On the other hand,
the running αs is independent of δm and O
(
m2/H2
)
,
hence first order in slow-roll since the ratio m2/H2 needs
not to be small in our scenario. This implies, as antici-
pated, that αs can be much larger than the typical values
9obtained in inflationary set-ups. Notice that αs as given
in eq. (48) is positive for a positive value of m2. This
implies that the amplitude of the perturbations at the
very small scales that left the horizon towards to end of
inflation can be much larger than that observed at COBE
scales. In particular, if  or m2 are so large that the am-
plitude of the power spectrum in the range Pζ ≥ 10−2 at
the end of inflation, then primordial black holes would
be overproduced (see for example [35, 36]).
Inserting in the parametrization (1), the central value
ns−1 = −0.0397 given in (2), and the COBE normaliza-
tion Pζ (k0) '
(
5 · 10−5)2, we see that Pζ = 10−2 can be
reached at the shortest scales produced during inflation
(namely for k = e60k0) if αs >∼ 0.01. This can be used
as a phenomenological limit on αs, and on the parame-
ters mH and  that lead to the result (48) obtained in this
Section.
Note that the positivity of αs derives from the assump-
tion that α is constant. In general, the relation (28) can
be only approximate, in which case α will acquire a weak
time dependence. This in turn would lead to a model
dependent modification of the results of the previous sec-
tion, whose analysis goes behind the scope of the present
paper. It is nevertheless worth mentioning that, if we
allow the parameter α to acquire a slow-roll suppressed
time dependence, then the running αs will acquire a more
general expression, which can be of either sign.
V. AN EXPLICIT REALIZATION
In this Section we present an explicit model with an
action of the form (27), providing an existence proof of
our mechanism that is minimal in matter content.
We consider a complex scalar Φ carrying a global U(1)
and with a nontrivial kinetic term. We assume that some
dynamics breaks the U(1) while preserving a Z2 symme-
try. As a consequence the Lagrangian of the system reads
L = f2 (|Φ|)
[
−∂µΦ ∂µΦ∗ − V (|Φ|) + µ
2
4
(Φ− Φ∗)2
]
.
(49)
If we decompose the complex field Φ into a radial and an
angular part Φ = ρ eiθ, and we consider |θ|  1 so that
it is close to the minimum of its potential, we obtain a
Lagrangian analogous to that of (27):
L = f2 (ρ) [−∂µρ ∂µρ− ρ2 (∂µθ ∂µθ + µ2 θ2)− V (ρ)] .
(50)
Since the mechanism described in the previous sections
requires the coefficient of the kinetic term of the curvaton
to vary rapidly during inflation, we assume that inflation
takes place near some point ρ = ρ0 where the function
f(ρ) is singular, and we approximate
f(ρ) ' 1√
2
1
ρ/ρ0 − 1 , (51)
where ρ0 > 0. Then the canonically normalized inflaton
reads
φ = ρ0 log(ρ/ρ0 − 1) , (52)
where we have chosen the branch ρ > ρ0 to make sure
that the kinetic term for θ, that is proportional to ρ2,
does not cross zero. In terms of φ, the Lagrangian reads
L =ρ
2
0
2
(
e−φ/ρ0 + 1
)2 [−∂µθ ∂µθ − µ2 θ2]
− 1
2
∂µφ∂
µφ− e
−2φ/ρ0
2
V
(
ρ0(1 + e
φ/ρ0)
)
, (53)
and we will be interested in the region where φ/ρ0 is
large and negative (corresponding to ρ → ρ+0 ), so that
the coefficient of the kinetic term for θ is rapidly running
during inflation. Now, if V is a generic function of ρ, the
potential will be too steep to support inflation. In order
to obtain inflation we choose the (tuned) form
V (ρ) = Λ4
(
ρ
ρ0
− 1
)2−δ
, (54)
with δ a positive number much smaller than unity. Then
the potential in terms of φ becomes
f2 (ρ)V (ρ) ≡ V (φ) = Λ
4
2
e−φ δ/ρ0 . (55)
Namely, we obtain power law inflation in an exponential
potential [37], 9 characterized by the constant slow-roll
parameter  =
M2pδ
2
2ρ20
, and by the analytic solution
φ =
√
2Mp√

log
[
√
3− 
Λ2√
2Mp
t
]
, H =
1
 t
. (56)
Strictly speaking, inflation never ends in an exact ex-
ponential potential, so we assume that the potential is
modified at some value φend  −ρ0 (namely, very close
to the pole of (54)), where inflation ends. In the regime
φ −ρ0, the curvaton Lagrangian reads
Lσ ' 1
2
e
2
ρ0
(φend−φ) [−∂µσ∂µσ − µ2σ2] ,
σ ≡ e−
φend
ρ0 ρ0 θ , (57)
with σ normalized in such a way that N = 1 at the end
of inflation.
Using eq. (28) we can see that
α =
√
2Mp
ρ0
, (58)
9 Incidentally we point out that, while power law inflation [37],
under the assumption that the inflaton is responsible for the
observed perturbations, is now ruled out [7], this model is still
viable under the curvaton hypothesis that we are making here.
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and, despite the slow-roll suppression, α can be large
(corresponding to large µ/H) for sufficiently large
Mp/ρ0.
To conclude, let us verify two assumptions that we
have imposed to obtain this result. To retain only the
quadratic term in θ in eq. (50), the assumption |θ|  1
was made. Using eqs. (10), (16), and (57), we have
θ (t) =
C
ρ0
e
φ(t)
ρ0 . (59)
and, due to the strong exponential suppression (recall
that φ  −ρ0), the condition θ  1 is easily met. Sec-
ondly, as we have discussed in Section III, the condition
(36) must be imposed. For the present model, this condi-
tion translates into
3/2Mp
ρ0
 3
√
3
16
√
NCMB
, which can easily
be satisfied even for α 1.
Before concluding this section let us point out that a
kinetic term for the curvaton of the form appearing in the
action (27) naturally emerges in models of supergravity
with a Ka¨hler potential of the form (in units of MP = 1)
K = −κ log(T + T ∗) , (60)
with κ a positive constant. In this case, in fact, if we
denote by φ the canonically normalized real component
of the field T , the imaginary part σ of T gets a kinetic
term ∝ e−2
√
2/κφ (∂σ)2. Our mechanism will then be
at work in situations where a mass term for σ is also
multiplied by a similar factor ∼ e−2
√
2/κφ.
Finally, one more construction leading to an action of
the form (27) can be realized in models with extra di-
mensions. Consider a model in which the size of the
extra dimension(s) plays the role of the inflaton φ, while
the curvaton σ is a bulk field. It is simple to check ex-
plicitly that if the kinetic term for the scalar field σ is
localized on the brane, whereas the operator controlling
its mass m lives in the bulk, then the low energy effective
Lagrangian has the form (27).
VI. A CHANGE OF FRAME
In the previous Sections we considered realizations of
a two-field system for which the curvaton Lagrangian is
multiplied by a suitable function of the inflaton. In this
Section, we take another point of view, and ask whether
a suitable coordinate transformation provides a second
perspective on the effects of N as a pure function of time
– without interpreting it as function of the inflaton field.
We start with action (8), with N given in eq. (9), and
use the time variable ω, related to the physical time t
by dω = d t/N 2(t). The resulting action describes a
scalar field with time dependent speed of sound and time
dependent mass
S =
∫
dω d3x a3
(
σ˙2
2
− c2s(ω)
(∇σ)2
2
−M2(ω) σ
2
2
)
(61)
with σ˙ ≡ d σ/dω and
cs(ω) = a
2α(ω) , (62)
M(ω) = a2α(ω)m. (63)
Let us specify the discussion to de Sitter space, with
the scale factor a(t) = eHt. Then the relation between
the two time variables is
t = ω0 − 1
2αH
ln (1− 2αH (ω − ω0)) . (64)
with ω0 an arbitrary integration constant. Notice that
when α → 0, one correctly finds t → ω. When choosing
ω0 = −1/(2αH), the scale factor appearing in the metric
ds2 = −dω2 + a2(ω) d~x2 reads, as a function of ω,
a(ω) = (−2 e αH ω)− 12α . (65)
Hence the underlying geometry is no more de Sitter
space, but power-law expansion. In this frame, we learn
that our results can also be obtained by means of a scalar
field embedded in a FRW space-time with power-law ex-
pansion, provided that the scalar mass and sound speed
vary appropriately with time. This example is related to
and generalizes the results of [38]. While in that work
a scale invariant spectrum was obtained in a Universe
with arbitrary power-law expansion for a degree of free-
dom with time dependent speed of sound and zero mass
(modeled as a fluid with constant equation of state), in
this section we have shown that our system is analogous
to that of [38] with the addition of a nontrivially evolving
mass for the scalar.
VII. CONCLUSIONS
The calculation of the mass spectrum of a model of
inflation can be misleading when performed on a time-
independent background. In the present work we have
shown that a field whose mass m, when computed on
a static background, is comparable to or larger than√
V/3M2P , can still acquire a scale invariant spectrum
of perturbations, provided its Lagrangian is multiplied
by a suitably time-dependent function. This is achieved
via the relation (12), that represents a generalization of
the fine-tuning to very small values of the mass of the
curvaton. As we have discussed in Sections III and IV,
this can be achieved in a self consistent way and without
conflicting with observations provided the parameters of
the model are such that the fluctuations in the inflaton
are much smaller than those in the curvaton, eq. (36).
In Section IV we shown that our mechanism leads a dis-
tinctive feature that can be tested by future observations,
namely a large running of the spectral index αs, propor-
tional to the first power of slow-roll parameters, hence of
a size comparable to ns − 1. Indeed, the leading contri-
bution to this parameter is αs ∝  m2/H2, where  as
usual parameterizes the time dependence of the Hubble
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parameter during inflation. In standard inflationary sce-
narios, m2/H2 is small (being associated to the slow-roll
parameter η) while in our case it can be of order one or
more, making αs large but still compatible with current
observations that do not exclude a large value for this
quantity.
A kinetic term with the structure of (27) appears for in-
stance when the inflaton φ measures the volume spanned,
in field space, by σ. This is apparent in the example
of Section V, where the inflaton is related to the ra-
dial component and the curvaton to the angular com-
ponent of a complex field. Hence, an almost scale invari-
ant spectrum of perturbations and small non-Gaussianity
can be a manifestation of particular interactions among
the fields producing inflation and generating the density
perturbations. This approach might be useful to gener-
alize the question of naturalness of inflationary construc-
tions by allowing a large mass for the fields involved in
sourcing primordial curvature fluctuations, provided the
coupling between inflaton and curvaton is appropriately
tuned. Moreover, such scenario can be tested and possi-
bly corroborated if future observations will favor higher-
than-expected values for the running of the spectral index
αs.
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Appendix A: Modification of 〈σ2〉 and 〈σ3〉 from the
inflaton-curvaton coupling
In this Appendix we develop the calculations leading
to the results (35) of the main text. We start from the
action (27) and we perform this computation in the in-
teraction picture, using the in-in formalism [39]. At the
unperturbed level, N is treated as an external function of
time, and the two fields φ, σ are quantized independently.
Specifically, we decompose the fields according to
σ(τ, ~x) ≡ χ
(0) (τ) + δχ (τ, ~x)
a 〈N〉 ,
φ (τ, ~x) ≡ φ(0) (τ) + v (τ, ~x)
a
, (A1)
and we stress that only the background value of N is
used in the free field decomposition and quantization.
Therefore, the quantization of σ proceeds as in Section
II, and the result (24) for the power spectrum holds at
zeroth order in the φ − σ interaction. For the inflaton
field, we have
vF =
∫
d3k
(2pi)
3/2
ei~x·~k vˆk,F ,
vˆk,F = vk,F (τ) bˆ~k + v
∗
k,F (τ) bˆ
†
−~k ,
vk,F =
e−ikτ√
2k
(
i+
1
kτ
)
, (A2)
where the annihilation and creation operators obey the
same algebra as those of σ, and where we have disre-
garded slow roll corrections in the mode function solu-
tion. The suffix F in these expressions indicates that
we are quantizing the free field according to the inter-
action picture procedure. Accordingly, we use the suffix
F for indicating the free field δχˆF and free mode func-
tion δχF entering in the quantization of σ. We note that
vk,F = δχk,F , because, due to the tuning (12), χ effec-
tively behaves as a massless field, and the same is true
for the inflaton at zeroth order in slow roll.
According to the in-in formalism, the correlators of δχˆ
are related to that of the free field δχˆF by〈
δχˆ~k1 . . . δχˆ~kn (τ)
〉
=
∞∑
N=0
(−i)N
∫ τ
dτ1 . . .
∫ τN−1
dτN〈[[
. . .
[
δχˆF,~k1 . . . δχˆF,~kn (τ) , Hint (τ1)
]
, . . .
]
, Hint (τN )
]〉
,
(A3)
where Hint = −
∫
d3xLint. The quantity Lint is the inter-
action Lagrangian of the system, which is the difference
between the Lagrangian in (27) and the free Lagrangian.
In turn, the free Lagrangian is given by the Lagrangian
in (27) with N replaced by 〈N〉. 10
As usual in perturbation theory, we expect that the
strongest corrections to any given correlator are provided
by terms with the fewest number of fields in the right
hand side of eq. (A3). The lowest order interaction be-
tween the two fields is the quadratic term
Hint ⊃ −4
3
α2γ
τ2
∫
d3p ΠˆF,~p vˆF,−~p , (A4)
where, to shorten the notation, we have defined the aux-
iliary field
Π ≡ δχ
′
aH
+ 2δχ . (A5)
10 With this last statement, we are disregarding the inflaton self-
interaction, which provide subleading corrections to δχ correla-
tors. In our computations we are also disregarding the mixing
of δχ and δφ with the metric perturbations. These interactions
are of gravitational strength, and are known to lead to unobserv-
ably small non-Gaussianity. As we now see, the inflaton-curvaton
interactions are enhanced by inverse powers of the slow roll pa-
rameter  with respect to gravitational interactions, and for this
reason metric perturbations can be consistently disregarded. The
situation is analogous to that studied in [33], where an analogous
interaction is present between the inflaton and a vector field.
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The interaction (A4) corresponds to a mass insertion,
and it is proportional to the curvaton vev C ∝ γ (see
eq. (25)). The first correction to the two point function
of δχ is obtained by taking two such interactions terms
in (A3). This corresponds a Feynman diagram with an
external δχ mode, which is ‘converted’ into a v mode
by a mass insertion, which is then converted back to a
δχ mode by a second mass insertion. The corresponding
correction is
∆
〈
δχˆ~k1δχˆ~k2 (τ)
〉
=
16α4C2
M2p
δ(3)
(
~k1 + ~k2
)
×
∫ τ
τin
dτ1
τ21
Im
[
δχF,k1 (τ) Π
∗
F,k1 (τ1)
]
(A6)
×
∫ τ1
τin
dτ2
τ22
Im
[
δχF,k1 (τ) δχF,k1 (τ1) δχ
∗
F,k1 (τ2) Π
∗
F,k1 (τ2)
]
,
where τin is some initial time during inflation at which the
mode was deeply inside the horizon (namely, |k1τin|  1).
We evaluated (A7) in two different ways. Firstly, we
performed the τ2 integration analytically, and the τ1 in-
tegration numerically. In this last step, one notices that
the integral is dominated by the latest times, in which
the mode is well outside the horizon, while it is converg-
ing in the UV (τ1 → τin). Justified by this observation,
we expanded the full integrand of (A7) in the super hori-
zon regime (|k1τ | , |k1τi|  1), and retained only the
leading term. In this way both integrals can be trivially
performed analytically. Both computations lead to
∆
〈
δχˆ~k1δχˆ~k2 (τ)
〉
' −16α
4H2γ2
27
δ(3)
(
~k1 + ~k2
)
k31
a2NCMB ,
(A7)
where NCMB ≡ ln 1−k1 τ is the number of e-folds before
the end of inflation when the mode k1 left the horizon.
Adding this to the free field result,
〈
δχˆF,~k1δχˆF,~k2 (τ)
〉
=
H2
2
a2 (τ)
δ(3)
(
~k1 + ~k2
)
k31
, (A8)
and using eq. (23), we obtain the result for 〈ζ2σ〉 in eq. (35)
of the main text.
Next, we want to compute the three-point correlation
function. To obtain the dominant contribution, we need
to expand the interaction hamiltonian to one higher order
in the fields. We obtain the term
Hint ⊃ − αH
Mp
√
2τ
∫
d3pd3q
(2pi)
3/2
vˆF,−~p−~q
{
ΠˆF,~pΠˆF,~q
−2 (3 + α) ΠˆF,~pδχˆF,~q +
[
τ2~p · ~q + 3 (3 + α)] δχˆF,~pδχˆF,~q
}
,
(A9)
which, combined with the mass insertion (A4), gives the
contribution in the second diagram of Figure 1. 11 This
evaluates to〈
δχˆ~k2δχˆ~k2δχˆ~k3
〉
' − α
4Hγ
6pi3/2
√
Mp
∑
i k
3
i∏
i k
3
i
δ(3)
(
~k1 + ~k2 + ~k3
)
∫ τ dτ1
τ41
∫ τ1 dτ2
τ42
(
4τ3 + 3τ31 − 3τ32
)
' α
4Hγ
6pi3/2
√
Mp
NCMB
∑
i k
3
i∏
i k
3
i
δ(3)
(
~k1 + ~k2 + ~k3
)
,
(A10)
where, based on what we found for the two-point func-
tion, we have restricted the integration to the super-
horizon regime, and where for simplicity we have dis-
regarded the difference between the various momenta in
the logarithmic factor NCMB ' − 1kiτ . 12 From this ex-
pression we obtain the result for 〈ζ3σ〉 in eq. (35) of the
main text.
Hence, we learn that corrections the 2 and 3-pt func-
tions for δχ calculated in the free theory are proportional
to the number of e-folds of inflation since the relevant
modes left the horizon, and on coefficients controlling
the amplitude of mass insertion and vertex interactions
involving curvaton and inflaton fluctuations (as repre-
sented in Fig 1). These corrections are enhanced by pow-
ers of α leading to constraints on the model parameters,
as discussed in the main text. The same analysis can be
carried on to higher point functions with no conceptual
changes: the leading contribution to the 4-pt function,
for example, does not involve any mass insertion, hence
we expect that it does not lead to more stringent con-
straints than the ones discussed in eq. (36).
11 We note that a O
(
δχ v2
)
term is also present in Hint, which
can be combined with two mass insertions to give a different
tree level contribution to δχ3. We expect that - as long as the
correction (A7) is subdominant to the free field result (A8) -
this contribution is suppressed with respect to the one we are
computing, as it involves more mass insertions.
12 Both (A7) and (A10) neglect O (1) factors in comparison with
the logarithmic enhancement NCMB.
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